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COMPLETE INTERSECTION P-PARTITION RINGS
BRIAN DAVIS
Abstract. We present an alternate proof of a result of Fe´ray and Reiner characterizing posets
whose P -partition rings are complete intersections. This shortened proof relates the complete
intersection property to a simple structural property of a graph associated to P .
1. Introduction
For a finite partially ordered set P , Fe´ray and Reiner [1] present a method for computing the
Hilbert series of the ring of P -partitions, and consequently its number of linear extensions. Special
attention is given to a class of posets that they call forests with duplication. We present a shortened
proof of a result in their paper: that the forests with duplication are precisely those posets whose
P -partition rings are complete intersections. We do this by showing (Proposition 2.3) that a graph
Γ(P ) associated to P is a disjoint union of edges and isolated vertices if and only if P is a forest
with duplications. We then show (Theorem 2.4) that such graphs characterize the P -partition rings
that are complete intersections.
Definition 1.1. A (weak) P -partition is a map f : P → Z≥0 with the property that x P y implies
that f(x) ≥ f(y).
It is easy to see that the sum of two P -partitions is again a P -partition, so that P -partitions
form a semigroup. The collection of connected order ideals correspond to a minimal generating set
for this semigroup, as described below.
If the cardinality of P is n, then to each lower order ideal J of P we associate a {0, 1}-vector in
Z
n
≥0, given by
χJ =
∑
i∈J
ei,
where ei is the i’th standard basis vector. Note that each χJ corresponds to a P -partition by
f(i) = (χJ)i.
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Proposition 1.2. Each P -partition f can be considered as a vector in Zn≥0, by
f =
n∑
i=1
f(i)ei,
and can be written as a sum of vectors χJ .
Proof. Observe that the subset of P consisting of elements x such that f(x) 6= 0 is an ideal J of P ,
and that f − χJ is again a P -partition. Iterating gives a decomposition of f into indicator vectors
χJ of ideals of P . 
Fe´ray and Reiner call the associated semigroup ring the ring RP of P -partitions. Let K be a field
and S = K[UJ1 , . . . , UJn ], where UJi is a variable associated to the connected order ideal Ji of P .
Under the multiplicative map deg(·) that sends the variable UJi to χJi , a monomial of S corresponds
(non-uniquely) to a P -partition. Proposition 1.2 shows that the degree map is surjective, and so
we can describe the ring of P -partitions as a quotient of S by the binomial ideal IP generated by
differences of monomials in fibers of deg(·), i.e, RP has a presentation
0→ IP −→ S −→ RP → 0.
We can give explicit generators for IP . For each pair J1 and J2 of connected order ideals of P ,
let {
J1 ∩ J
(i)
2 : i = 1, . . . , k
}
be the set of connected components of the Hasse diagram of J1 ∩ J2. If J1 and J2 have non-trivial
intersection, i.e., neither ideal contains the other and the intersection is non-empty, then
(1) UJ1UJ2 − UJ1∪J2 · UJ1∩J(1)2
· · ·U
J1∩J
(k)
2
is a generator of IP , and the set of all such terms generates IP .
Recall that a ring K[U1, . . . , Un]/I is a complete intersection when, for I = (f1, . . . , fs), we have
that fi+1 is not a zero divisor in K[U1, . . . , Un]/(f1, . . . , fi) for all i. A useful characterization of
complete intersections is that the Krull dimension of K[U1, . . . , Un]/(f1, . . . , fs) is n− s.
2. Forests with duplication
Fe´ray and Reiner introduced forests with duplication and showed that they are precisely the
posets whose P -partition rings are complete intersections.
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Definition 2.1. A forest with duplications is a poset formed from one element posets under the
following three operations:
(i) Disjoint Union: Given posets P and Q, union the sets and relations to form P ⊕Q.
(ii) Hanging: Given posets P and Q, select an element a in P and introduce relations q ≺ a for
each element q of Q, then close transitively to form P aQ.
(iii) Duplication: Given a poset P = Q1
aQ2 with a minimal (not necessarily 0ˆ) in Q1, introduce
the new element a′, with relations q  a′ for q in Q2 and a
′  q for q in (Q1)≻a to form the
poset P (a).
P Q
P ⊕Q
P
a
Q
P aQ
Q1
Q2
a
P = Q1
aQ2
−→
P (a)
Q1
Q2
a′a
Figure 1. The Operations
Definition 2.2. We define the graph Γ(P ) associated to a poset P as having vertex set given by
the connected order ideals Ji of P and edge set E(Γ(P )) given by the pairs of connected order
ideals that intersect non-trivially. We write Γ when the poset P is clear.
The edge ideal of the graph Γ on m vertices is the ideal
IΓ = 〈UiUj : {i, j} ∈ E(Γ) 〉 ⊂ K[U1, . . . , Um].
There exist term orders ([1] Theorem 1.4) such that the monomial ideal of S generated by
initial terms of generators of IP is precisely the edge ideal IΓ of the graph Γ (under the obvious
identification of variables UJi and Ui).
Proposition 2.3. A poset P is a forest with duplication if and only if Γ is a disjoint union of
isolated edges and vertices.
Proof. To show the forward direction, we prove that the three operations preserve the graph prop-
erty. Note that the graph Γ∗ for the one element poset is a single vertex with no edges.
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Clearly, the vertex set of ΓP⊕Q is the disjoint union of the vertex sets of ΓP and ΓQ. If two
ideals intersect non-trivially in P ⊕Q, then both ideals are contained in either P or Q, so that the
corresponding edge is internal to ΓP or ΓQ. It follows that ΓP⊕Q = ΓP ⊕ ΓQ.
Similarly, the vertex set of ΓP aQ is the disjoint union (under a slight abuse of notation, where
for J containing a we identify the ideal J ⊆ P with J ∪Q) of the vertex sets of ΓP and ΓQ, since
any connected order ideal of P aQ intersecting Q either is contained in or contains Q. Again edges
of ΓP aQ are internal to ΓP and ΓQ, so that ΓP aQ = ΓP ⊕ ΓQ.
The vertex set of ΓP (a) is the vertex set of ΓP together with a vertex associated to the principal
ideal (a′) ⊂ P (a). The only ideal intersecting (a′) non-trivially is (a), so that the edge set of ΓP (a)
is the edge set of ΓP together with the edge with endpoints (a) and (a
′). By construction, no ideal
of P intersects non-trivially with (a), and so the degree of the vertex (a) is exactly one.
To prove the other direction, we assume that P˜ has the graph property and is not the result of
any of the three operations: disjoint union, hanging, or duplication. We then prove that P˜ is the
one element poset.
Let x be a minimal element of P˜ . If there exists p covering x, then there exists q 6= p covering
x, since x is not hanging. Let (p) denote the lower order ideal generated by p, and [p] denote the
upper order ideal, i.e., [p] = {y ∈ P˜ : y  p}. If r ∈ [p]\[q], then the ideal (q) has degree at least
two in Γ
P˜
, since it meets (p) and (r). Thus, by symmetry, [p]\{p}=[q]\{q}.
Let r ∈ (p)\(q) and s ∈ (r) ∩ (q). Then again (q) has degree at least two, since it meets (r) and
(p). It follows that (r) ∩ (q) is empty. Since (r) does not hang below p, there exists s ∈ P˜\[p] and
t ∈ (r) ∩ (s). But in this case, (p) has degree at least two since it meets (s) and (q). Unraveling
the hypotheses, we see that (p)\{p} = (q)\{q}.
Since (p)\{p} = (q)\{q} and [p]\{p}=[q]\{q} together imply that p and q form a duplication
pair, we see that no elements cover x. Since P˜ is connected (it is not a disjoint union), it follows
that P˜ consists of the single element x. Thus if a poset P has ΓP a disjoint union of edges and
vertices, and P is not the result of disjoint union, hanging, or duplication, then P is the singleton
poset. 
Theorem 2.4. A finite poset P is a forest with duplications if and only if the ring S/IP is a
complete intersection.
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Proof. From the preceding proposition, it is enough to show that S/IP is a complete intersection
if and only if Γ is a disjoint union of isolated edges and vertices.
The ideal IΓ is an initial ideal of IP , with the consequence that S/IΓ and S/IP have the same
Krull dimension. Since IΓ and IP have the same minimum number of generators, S/IP is a complete
intersection if and only if S/IΓ is.
Let Γ have vertex J1 adjacent to vertices J2 and J3. Then the ring S/IΓ is not a complete
intersection, since UJ1UJ3 is a zero divisor in S/ (UJ1UJ2). If Γ has no vertices of degree greater
than one, then S/IΓ can be written as a tensor product of univariate polynomial rings K[UJ ]
corresponding to isolated vertices and quotient rings K[UJi , UJj ]/(UJiUJj) corresponding to edges
{Ji, Jj}. The co-dimension of this ring is precisely the number of generators of IΓ, hence S/IΓ is a
complete intersection. 
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